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The Wigner distribution of rotationally symmetric partially coherent light is considered
and the constraints for its moments are derived. While all odd-order moments vanish, these
constraints lead to a drastic reduction in the number of parameters that we need to describe
all even-order moments: whereas in general we lialvg- 1)(N + 2)(N + 3)/6 different
moments of ordeN, this number reduces td + N/2)? in the case of rotational symmetry.

A way to measure the moments as intensity moments in the output planes of (generally
anamorphic) fractional Fourier transform systems is present@d2003 Optical Society
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The Wigner distributioh of partially coherent light is defined in terms of the cross-spectral
density"3 ' (X, Y1, X2, Y2) by
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The (real-valued) Wigner distributioW (x, y, u, v) represents partially coherent light in a combined
space/spatial-frequency domain, the so-called phase space, wdwede are the spatial-frequency
variables associated to the space variaklaady, respectively. In previous papers, the special but
important case of rotational symmetry has been studied extensively; we mention twisted Gaussian-
Schell model light and the characterization of rotationally symmetric light in terms of second-order
moments>® In this letter we present an extension to higher-order moments.

To formulate rotational symmetry for the Wigner distributidi(x, y, u, v), we express the
space variablex andy in polar coordinatesx = pcos¢ andy = psing, and, with the angle
¢ as an offset, we do the same with the spatial-frequency variabdesl v, u = ¢ coS¢ + 0)
andv = ¢ sin(¢ + 6). We can then formulate an expression ¥d(x, y, u, v) in terms of the four
variablesp, ¢, ¢, andgd; for rotational symmetry we require that this expression does not depend on
the anglep:

W(p cose, psing, ¢ cos¢ + 6), ¢ sin(g + 6)) = W,(p, ¢, 6). (2

The (normalized) momenis,qs of the Wigner distribution are defined as
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whereuoggo = 1 and the normalization constaBtrepresents the intensity of the light. In general
there argN + 1)(N + 2)(N + 3)/6 moment$of orderN = p+q+r +s. In the case of rotational
symmetry, however, the number of parameters that we need to describe all even-order moments is
reduced drastically t61 + N/2)2. This can easily be seen from Eq. (2), from which we conclude



that the four-dimensional Wigner distributidf(x, y, u, v) is completely determined by the three-

dimensional functioW(x, 0, u, v), where, moreoveM (X, 0, u, v) is an even function ok; and

this three-dimensional function h&s+ N/2)? different nonvanishing moments of even order
Using the symmetry condition (2), we write
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From the special form of the integral ovgr we conclude that all odd-order moments (iMd.,=
p+q+r + sis odd) are zero. Moreover, using the definition of the beta funcBox y) =
ZIST/Z(COS(p)ZX_l(Sin(p)Zy_l dp = '(X)I'(y)/ T (X + ), this integral can be expressed as

2

1 . .
lpqrs(0) = < (cosp)P(cos¢ + 6))(sing)" (sin(¢ + 0))°dg

1 S

R (1) () evr s comae s cpres)

p+g—k+l+1r+s+k—-1+1
2 ’ 2

Since nonvanishing values under the summation appear only iffpéth — k +1 andr +s+k —|

are even, we can use the propdrtyn + %)Zn/f =@2n-1H" =1-3-5---(2n - 1).

It is advantageous to write the momentsiasy m—pn—q Wherep +r = mandq + s = n,
and to group those moments together that have identiGaidn. For easy referencepq s(9) has
been tabulated below for second-order momefts h) = (2,0), (1,1), and (0,2)] and fourth-order
moments (m, n) = (4,0), (3,1), (2,2), (1,3), and (0,4)] in such a way that equahand n (with
m+n = 2 andm + n = 4, respectively) are grouped together. Identical values,gk(9) in
the same block then lead to companion momenys . For different choices op andq (but with
constantn = p +r andn = q + s) we can easily find relations between the different moments
Wpgrs- IN particular, we find that in angm, n) block, the number of nonvanishing parameters equals
1+ min(m, n), leading to a total of1 + N/2)? parameters to describe the moments of ofder
m+ n.

Let us consider the second-order moments, which can be represented elegantly in the usual
form of a real, symmetric 4 4 matrix. As a consequence from the moment relations, this matrix
now takes a special forhand is determined by four parameters instead of the ten parameters in the
general case. In particular we observe that three moments appear in pairs with a positive companion
(2000 1100, @NdLLo200) @and one moment forms a pair with a negative companiqgof); moreover,
two moments vanishu1010 ando101)-

Let us now consider the fourth-order moments. From the moment relations we conclude that
the moments are determined by nine parameters, whereas in the general case we would need 35
parameters. In particular we observe that two moments appear in pairs with a positive companion
(2200 and w2002); two moments appear in triples with positive companiqngdo and posa00); five
moments appear in quadruples: two moments with positive companigis &nd 1300 and three
moments with one positive and two negative companipngof, 12101, anduizo1); Moreover, four
moments vanishi(zo1o, #1030, L0301, @nd o103 and the momenti11; follows from the relation
p1111 = (42200 — 142002 /2.

Following the procedure described in Ref. 7, the moments can be determined from
measurement of the intensity distributidi(x, y, X, y) in the output plane of some (possibly

x B ) (cos9) It~k (sing)k+ . (5)
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anamorphic) fractional Fourier transform systems — with a fractional amgfethe x-direction

and a fractional anglg in the y-direction, say — for appropriately chosen valueg @ndg. In the

output plane we then measure the intensity mom/e%gg(a, B), cf. Eq. (3) withg = s = 0, which

are completely determined by the output intensity distribution. The general relationship between the
output intensity moments and the moments in the input plane feads

P r
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In the case of second-order moments, the set of relevant equations in which the intensity
momentsuSon(e, B), 19oi0(et, B), and udesq(ar, B) at the output of a fractional Fourier transform
system with fractional anglesandg are expressed in terms of the input moments, reduces to

Mgg(t)o(“, p) = MZOOOCOSZ(X + 2/41100C0Sx Sina + [LozooSinz o, (7
Mggtlo(a’ B) = pi01SiN(B — o). (8)

To measure the momeniigg; from the intensity momenu‘l’gtlo(a, B), we clearly need an
anamorphic systemy # 8. Together with two additional isotropic systeras= B, we can then
construct four equations from measurements of the intensity distributions in the three output planes,
and we conclude that the four second-order moments can be determined from the knowledge of the
intensity distributions in the output plane of three fractional Fourier transform systems, where one
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of them has to be anamorphic, see also Ref. 6. We would not need the anamorphic system if the
rotationally symmetric light satisfies the additional condition ko, ¢, 6) is an even function of
6.

In the case of fourth-order moments, the set of relevant equations for the output intensity
moments$ reduces to

Mggéo(a» B) = M4oooC0§‘a + 4/L3100C0§ o Sina + 6u2200c0§ asirfa
+ 4411300C0Sa SIM° & + fLoagoSin® a, 9)
u%%&o(a, B = (Msoolco§ o + 312101COSx SiNe + 31201 SN’ a) sin(8 — a), (10)

4000COS & COS B + 2/43100C0Sx COSPB Sin(er + B)
+ BL12200COSK SiNe COSPB SiNB + 31u2002SIMP(B — &)
+ 2u1300Sine sin B sin(a + B) + oaooSir? o sir? B. (11)
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To determine the momeniszgo1, 2101, @anduizor from the intensity momerytggtlo(a, B), and the
moment,o02 from the intensity momem%‘;o(a, B), we need anamorphic systems; and obviously
we need three of them. Together with two additional isotropic systems, we can then construct nine
equations from measurements of the intensity distributions in the five output planes, with which the
nine moments can be determined. We note that even in the highly symmetric cadébas, 6)

is an even function of, we still need an anamorphic system. Such a system would not be necessary
if W,(p, ¢, 0) does not depend ahat all, in which case only the strictly even-order moments (i.e.,

p, g, r, ands are even) remain and all other moments vanish.
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