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ABSTRACT on the second- and higher-order moments. We will see that
only even-order moments remain, and that the number of

The Wigner distribution of rotationally symmetric ., ents reduces drastically compared to the general case.

partially coherent light is considered and the constraints
for its moments are derived. While all odd-order moments
vanish, these constraints lead to a drastic reduction in the 2. WIGNER DISTRIBUTION

number of parameters that we need to describe all even- , o . .
order moments. A way to measure the moments as intensityThe W_|gner_d|str|but|on [1] of partially coherent_llght can
be defined in terms of the cross-spectral density [12, 13]

moments in the output planes of (generally anamorphic butF as
separable) first-order optical systems is presented. (21,91, 72, y2)
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1. INTRODUCTION Wz, y,u,v) Lw /m (@+30,y+35y,2— 52,
. _ _ o 1 /)e—jQﬂ'(ua:’ +0Y") 4o o’ (1)

After the introduction of the Wigner distribution [1] for Yy—23Y y-

the description of coherent and partially coherent optical

ﬁ?IdSI/.[Z’ 3], it tl)eqame dag impo;tant toql fpr oztical 6first introduced in optics by Walther [2], who called it
signalimage analysis and beam characterization [4, 5, 'the generalized radiance. The (real-valued) Wigner distri-

7 8]'| The Wllgtnzr d'?mbu“ﬁn cotmple'z{_telyl/ fqlelzcrlbest the bution W (z,y,u,v) represents partially coherent light in
compiex amplitide of-a coherent optical Tielc (up 0 @ 3 combined space/spatial-frequency domain, the so-called
constant phase factor), or the two-point correlation function phase space, where is the spatial-frequency variable
(or cross-spectral density) of a partially coherent field. associated to the space variable and v the spatial-

Since the Wigner distribution of a two-dimensional optical frequency variable associated to the space varigble
field is a function of four variables, it is difficult to analyze.

Therefore, the optical field is often represented not by

the Wigner distribution itself, but by its global moments. 3. ROTATIONAL SYMMETRY

Beam characterization based on the second-order moment§ . . _
o formulate rotational symmetry for the Wigner distri-

of the Wigner distribution, for instance, thus became the bution TV’ th . d
basis of an International Organization for Standardization PUionW (z,y, u, v), we express the space variableandy
standard. [9] in polar coordinatesy = p cos ¢ andy = psin ¢, and, with

In previous papers, the special but important case the angley as an offset, we do the same with the spatial-

of rotational symmetry has been studied extensively; we frequency variables andv, hence:
mention twisted Gaussian-Schell model light [10] and the { T = pcos¢ { u = (cos(¢p+0)

A distribution function according to definition (1) was

characterization of rotationally symmetric light in terms of y = psing v = Csin(¢+0). (2)

second-order moments [8, 11]. In this paper we study the
particular case of rotationally symmetric partially coherent We can then formulate an expression ¥z, y, v, v) in
light, and the constraints that this kind of symmetry imposes terms of the four variableg, ¢, {, and¢; for rotational



symmetry we require that this expression does not dependV = p + ¢ + r + s is even) we have two possibilities:

on the angles: p + g andr + s are both even or both odd; in the case that
they are even we havg,;.s = firspq, @and in the case that
W (pcos ¢, psin ¢, cos(¢ + 0), (sin(¢ + 6)) they are odd we have,,s = —fi,spq- NOte, moreover, that

=Wo(p,¢,0). (3) tporo = 0 unless bottp andr are even, and that, similarly,
Hogqos = 0 unless botly ands are even.
A different way to define rotational symmetry, but leading Itis advantageous to write the moment$@s . p.n—q
to the same result, is by requiring that the cross-spectralwherep + r = m andg + s = n, and to group those
density be independent of rotation. moments together that have identical and n. For easy
reference,l,,;-s(¢) has been tabulated below for second-
4. WIGNER DISTRIBUTION MOMENTS order moments [Table 1m,n) = (2,0), (1,1), and (0,2)]
and fourth-order moments [Table @n,n) = (4,0), (3,1),
With E = [[[[ W (z,y,u,v) dedydudv the total energy  (2,2), (1,3), and (0,4)] in such a way that equalandn
of the light, we define the normalized momeptg, of the (with m +n = 2 andm + n = 4, respectively) are grouped

Wigner distribution as together. Identical values @f,,s(¢) in the same block then
o e e e lead to companion moments,,,.,. For different choices of
iprs E = / / / / Wz, y,u,v) pandq (but with constantn = p+r andn = ¢ +s) we can
oo d—oo o0 /= easily find relations between the different momemgs, .
x aPuly v dedydudv. (4) In particular, we find that in anym,n) block, the number

of nonvanishing parameters equals- min(m, n), leading

In general there aréV + 1)(NV + 2)(N + 3)/6 moments  to a total of(1+ N/2)? parameters to describe the moments
[14] of orderN = p + ¢ + r + s. In the case of rotational  of orderN = m + n.

symmetry, however, the number of parameters that we need
to describe all even-order moments is reduced drastically
to (1 + N/2)2. This can easily be seen from Eq. (3),
from which we conclude that the four-dimensional Wigner

Table 1: Second-order moments

distribution W (x, y, u, v) is completely determined by the m 1 Lpgs(0) Hpgrs COMPpanion

three-dimensional functioW (z, 0, u, v), where, moreover, 2 0 1 2000

W(z,0,u,v) is an even function of; and this three- 2 0 0 1010 —

dimensional function had + N/2)? different nonvanishing 2 0 1 poo2o 142000
moments of even ordéy. 1 1 cosf 1100
Using the symmetry condition (3), we can write 1 1 sin® 1001

. 1 1 —sinf@ poiio —H1001

Hpgrs 1 1 cosf  poo11 H1100

o3} 0o 27

_ / / / Wo(p, ¢, 0)pPHrH1¢ca s+ dpdcdp 0 2 1 o200

o S s 0 2 0 poio1 -

0 2 1 pooo2 10200

27
X /0 (cos @)P(cos(@ + 6))9(sin )" (sin(¢ + 0))°do.

5
®) Let us consider the second-order momeis= m +
From the special form of the integral over n = 2, which can be represented elegantly in the usual form
) of a real, symmetrid x 4 matrix. As a consequence from
1 e . . . .
Lyrs(60) = ;/ (cos ¢)P (cos( + 6))° the moment relations, this matrix takes the special form [10]
0
x (sin ¢)" (sin(6 + 0))°de,  (6) 12000 0 H1100  f41001
0 M2000 —H1001 1100 | (8)
we immediately get the following symmetry relations for 1100  —H1001 Hozo0 0
the moments H1001  f41100 0 H0200
tpgrs = (1P pp0 = (1) f1yspg We conclude that the symmetric matrix of second-order
(—1)ptatres, @) moments of rotationally symmetric light is determined by
P four parameters instead of the ten parameters in the general
and we conclude that all odd-order moments (5 p + case. In particular we observe that three moments appear in

q + r + s is odd) are zero. For even-order moments (i.e., pairs with a positive companionfooo, 1100, and to200)



and one moment forms a pair with a negative companioncompanion fi2200 and psgg2); tWo moments appear in
(41001); Moreover, two moments vanish(1o andoio1)- triples with positive companionsufooo and roa00); five
Note that the additional requirement tH&t, (p, ¢, 0) is an moments appear in quadruples: two moments with positive
even function ofg, W,(p,(,0) = Wo(p,(,—0), leads to companions fs1po and p1300) and three moments with

the vanishing of the moment with the negative companion:

t1001 = 0.

Table 2: Fourth-order moments

one positive and two negative companionggfz, 42101,

and 11201); moreover, four moments vanispg1o, (41030,
140301 and,uOlog) and the momentiy111 follows from the
relationui111 = (w2200 — f2002) /2. Note that the additional
requirement thatV, (p, ¢, 6) is an even function of again
leads to the vanishing of the moments with the negative
companionsiizoor = fi2101 = p1201 = 0.

m n Tpgrs(8)  tpgrs companion

4 0 3/4 000

4 0 0 w3010 _ 5. MEASUREMENT OF THE MOMENTS

i 8 1/?; Zigzg Mmoo/_?) It is well-known that the input-output relationship between
4 0 3/4 oot 114000 the Wl_gner dl_stn_butl_orWin(:c, y,u,v) atthe input plane and
31 3cos0/4  fi3100 the Wigner d|str.|but|ori/Vout(;r., y,u,v) at the output plane

3 1 3sin6/4  psoon of a separable first-order optical system reads [4, 5, 6]

3 1 —sinf/4  po110 —13001/3

3 1 cos0/4 o011 t3100/3 Woulw, y, u,v)

3 1 cosf/4 a0 Li3100/3 = Win(dgz —byu, dyy —byv, —czx+azu, —cyy+ay,v).

3 1 sin 9/4 H1021 ,u3001/3 (9)

3 1 —3sinf/4  po1z0 —H3001 The coefficientsay, by, c;,d, and a,, by, c,,d, are the

3 1 3cosf/4  pigosn 13100 matrix entries of the symplectic ray transformation matrix
22 (24 cos20)/4  pazoo [15] that relates the position, y and directionu, v of an

2 2 sin20/4  p2101 optical ray in the input and the output plane of the first-order
2 2 (2—cos20)/4  pizgo2 optical system:

2 2 —sin20/4  pi210 —H2101

2 2 cos20/4 piinn (pe200 — H2002)/2 Lout ag by 0 0 Lin

2 2 sin20/4  pio12 H2101 Uout | _ | €z de O 0 Uin | (10)

2 2 (2 — COS 20)/4 0220 12002 Yout 0 0 Ay by Yin

2 2 —sin 29/4 o121 — 2101 Vout 0 0 Cy d?l Vin

2 2 (24cos20)/4  pooze H2200 For separable systems, symplecticity reads sinaphj, —
L3 3cos0/4 oo byc, = 1 anda,d, — b,c, = 1. Note that in a first-order
L3 sinf/4  pi201 optical system, with such a symplectic ray transformation
L3 cos0/4 oz f11300/3 matrix, the total energy is invariant.

13 3sin6/4  pioos 3H1201 Extending the procedure described in [14] for fractional
13 —3sinf/4  posio —3ft1201 Fourier transform systems to more general, separable
13 cos0/4  poz11 H1300/3 systems, the input momens,,,.. can be determined from
L3 —sin6/4  poi2 —H1201 measurement of the intensity distributi®tz, v, z,vy) =

1 3 3cosf/4  poois H1300 [] W(z,y,u,v) dudv in the output plane of some (possibly
0 4 3/4 1000 anamorphic but separable) first-order optical systems
0 4 0 pozor - for appropriately chosen values of,,b,,c,,d, and

0 4 1/4 " pozoz Hoa00/3 ay, by, ¢y, d,. In the output plane we then measure the
0 4 0 woro3 - intensity momentg.St.,, cf. Eq. (4) withg = s = 0,

0 4 3/4  pooos 10400 which are completely determined by the output intensity

distribution. The general relationship between the output
intensity moments and the moments in the input plane reads

Let us now consider the fourth-order momens, =
m + n = 4. From the moment relations we conclude that out 2 D r
the moments are determined by nine parameters, whereas in Hporo(as ) = Z Z (k) <m>
the general case we would need 35 parameters. In particular h=0m=0

—kipk r—mim
we observe that two moments appear in pairs with a positive X ag” g ay by gk —mme (11)
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